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This paper is inspired by the recent work of Berest and Chalykh |BCj on the right ideals 
of the first Weyl algebra A\(C) and Calogero-Moser spaces. The main result of jBCj is 
an explicit construction of the Calogero-Moser correspondence refining the earlier work of 
Berest- Wilson JBWTj . 

The purpose of this paper is to extend the ideas and techniques of |BC j to a broader class 
of algebras of geometric origin. More specifically, we will study right ideals in quantized co- 
ordinate rings of Kleinian singularities C 2 /r, where T is a finite cyclic subgroup of SL/2(C). 
For a fixed T, such rings form a family of noncommutative algebras T (parametrized by the 
elements r of the group algebra CT), whose properties are similar to the properties of the 
Weyl algebra. Specifically, like Ai(C), in case of generic r's the rings T are simple, heredi- 
tary, Noetherian domains, having no nontrivial finite-dimensional representations. However, 
unlike A±, they have a nontrivial iCgroup. A conjectural description of stably free ideals of 
T , generalizing the work of Berest- Wilson, was suggested by Crawley-Boevey and Holland 
O ■ (see |CBj ). Recently, Baranovsky, Ginzburg and Kuznetsov |BGKj refined and proved this 
conjecture using the methods of noncommutative projective geometry. The main idea behind 
BGK's work, which in the case of A\ was exploited earlier in |LeBj and |BW2j . consists in 
replacing T by a graded algebra B T , which, by analogy with geometric case, can be treated 
as the homogeneous coordinate ring of a noncommutative projective variety. Projective mod- 
ules over T can then be extended to certain "vector bundles" on such a "variety" and the 
latter can be classified using the standard tools from algebraic geometry (the Beilinson spec- 
tral sequence and Barth's monads). Despite its naturality, this geometric approach has some 
disadvantages. First, it is fairly complicated and far from being explicit. Second, it involves 
a lot of choices (most notably the choice of filtration on the given algebra T ), which are 
not intrinsic to the original problem. Third, it hides some interesting "affine" features of the 
problem, present in the case of the Weyl algebra: namely, the action of the Dixmier auto- 
morphism group on the ideal classes and the equivariance of the corresponding classifying 
map. 

In the present paper we will give a new proof of the Crawley-Boevey-Holland conjecture, 
which is free from the above disadvantages. As in |BCj . our construction is elementary and 
independent of the choice of a filtration on T \ it leads to a completely explicit description 
of ideals of T , and more importantly, it is G-equivariant with respect to a certain "large" 
automorphism group G, which acts naturally on both the space of ideal classes and the 
associated quiver varieties DJl T . This brings the picture with Kleinian singularities closer to 
the original example of the Weyl algebra and raises many interesting questions regarding the 
action of the group G on TT (cf. [BWTj). 
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2. Background and Statement of Results 

2.1. The algebras B T and T . Let (L,u) be a two-dimensional symplectic vector space 
with symplectic form u, and let T be a finite subgroup of Sp(L,u). We can extend the 
natural (contragradient) action of T on L* diagonally to TL*, the tensor algebra of L* over 
C, and define R to be the crossed product of TL* with I\ The form u is a skew symmetric 
element of L* <g> L* C TL* C R, so for each r G Z(CT) we can define 

B T = R/R{u - t)R, 
O t = eB r e, 

where e is the symmetrizing idempotent Ylqer d/\^\ * n ^r *- -^ T ■ The algebras -B T and O r 
have been introduced and studied by W.Crawley-Boevey and M.Holland in [CBH]. 

It is convenient to choose a symplectic basis {e x ,e y } in L and identify L with C 2 , and 
Sp(L, to) with 5X 2 (C). If {x, y} is the dual basis in L* then we have an algebra isomorphism: 

(2.1) B T = R/R(xy - yx - r)R , 

where R = C(x,y) * F is a crossed product of the free algebra on two generators with the 
group T. 

In this paper we will be concerned with the case when T is a cyclic group Z m . One can 
give a more elementary description of B T in this case. We fix an embedding T ■=— > SL2(C) so 
that L decomposes as e © e _1 , where e is a primitive character of I\ Now we choose a basis 
{x, y} in L* so that T acts on x by e and on y by e _1 . Then there is an algebra isomorphism 
from B T to the quotient of R by the following relations: 

(2.2) g-x = e(g)x-g , g ■ y = e' 1 (g)y ■ g, VgGT, 

(2.3) x ■ y — y ■ x = t. 

The corresponding algebras O r are called , in this case, the type A deformations of Kleinian 
singularities. They were studied earlier by Hodges [H] and Smith |Smj . 

The homological and ring-theoretical properties of T depend drastically on values of the 
parameter r. Through the McKay correspondence we can associate to the group V the affine 
Dynkin graph of type A. The group algebra CT is then identified with the dual of the space 
spanned by the simple roots of the corresponding affine root system and, following CBH , 
we say that r e CT is generic if it does not belong to any root hyperplane in CI\ 

From now on we will assume r to be generic. In this case B T and T are Morita equivalent, 
the equivalence F : Mod(B T ) — > Mod(0 T ) between the categories of right modules is given 
by M (-»• M ® B r B T e (see [HBlT] . Theorem 0.4). 

2.2. Nakajima varieties. Given a pair (U, W) of finite dimensional T-modules consider the 
space of T-equivariant linear maps 

(2.4) M r (U, W) = Hom r (U, U g> L) © Hom r (W } U) © Hom r (U, W). 
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The group G-p{U) of T-equivariant automorphisms of U acts on Mr(f/, W) in the natural 
way: 

g(B,i,j) = (gBg^igiJg- 1 ), 
and this action is free on the subvariety Wt^(U, W) C Mr (£7, W) defined by the conditions 

(2.5) (i)[B,B]+r\u = Jj, 

(ii) There is no proper submodule U' C U 

such that B(U') C V ® L and i(W) C U' . 
Here [B, B] stands for the composition of the following maps 

TT B TT <■>, T B ® id L TT „ T „ T idu®UJ „ „ „ 

(7 — >■ U ® L — >■ (7 ® L® L — >■ U ®C = U . 

Definition 1. The Nakajima variety associated to the pair (U,W) is defined by 

Ttl(U, W) := Tt^(U, W)//G T (U) . 

The relation of this variety to the original definition of Nakajima [N] can be obtained via 
the McKay correspondence (see e.g. [BGK]). 

As L = e © e _1 , we can write down the map B : U — > U ® L in the following form 

(2.6) B(v) =X(v)®e + Y(v)®e- 1 

with X, Y G Endc(U). The points of the Nakajima variety Wl^(U,W) can be represented 
then by quadruples (X, Y,l,j) e End(U)® 2 © Hom r {W, U) © Hom r (U, W) satisfying 

(2.7) XY -YX + f = i] 

(2.8) XG = e{g)GX , YD = e^ig) GY 

where T and G are the endomorphisms corresponding the action of r and g G V in U 
respectively. 

In case when W is a one-dimensional T-module with character xw we can think of % and 
j just as linear maps i G Hom{W, U) and j G Hom(U, W) satisfying the conditions: 

(2.9) i{w.g) = xw(g) i(w) , j(v.^) = Xwfe) j( v ) for a\\ g eT and w e W,v E U. 

2.3. Statement of Results. We start this section by reminding the reader the following 
result due to Berest and Wilson. 

Theorem 1. (^BWlJ, BW2 ) (a) There is a natural bijection between the space 1Z of iso- 
morphism classes of right ideals of the Weyl algebra Ai(C) and the union C = [_\C n of 
Calogero-Moser algebraic varieties: 

C n = {X, Y G M n (C) | rk(XY - YX - Id) = l}/GL n (C), 

where GL n (C) acts on (X,Y) by simultaneous conjugation . 

(b) The automorphism group G = Autc{A\) acts naturally on the varieties C n , and this 
action is transitive for each n = 0, 1, 2, ... 

(c) The bijection TZ < — > C is equivariant under G, and thus the varieties C n can be identified 
with the orbits of natural action of G on set TZ of ideal classes. 
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The algebras T are obvious generalizations of A\ and one might expect that a result 
similar to Theorem Q] holds for the ideals of T . In fact, Crawley-Boevey and Holland have 
conjectured that there is a bijection between the space of isomorphism classes of ideals of 
T and certain Nakajima varieties related to T. Such a classification of ideals in terms of 
"Nakajima data" suggests the existence of some finite dimensional module attached to each 
ideal. The natural candidates for such modules would be finite dimensional representations 
of the algebra T , but since T is simple such representations do not exist. Nevertheless, 
stretching the notion of a module one may overcome this problem. To be precise, we would 
like to extend the category of modules over T to the category of DG modules over a certain 
DG algebra closely related to T . In this extended category we will construct objects whose 
isomorphism classes are in a natural bijection with isomorphism classes of ideals in T , and 
from which we can extract the Nakajima data corresponding to a given ideal. The idea 
of this approach goes back to |BGj . where the ideals of Ai(C) are "modelled" by certain 
Aoo-modules. 

First, we would like to give a coarse, i^-theoretic, classification of ideals of T . Let Ko(T), 
Kq(B t ) and Kq{O t ) be the Grothendieck groups of the algebras CT, B T and T respectively. 
Then, by a well-known theorem of Quillen the induction functor P i— > P <g) cr B T gives an 
isomorphism of groups Kq(T) = Kq(B t ). Further, since B T and T are Morita equivalent 
algebras, the corresponding equivalence induces another isomorphism K (B T ) = K (O T ). 
We will use these isomorphisms to identify K Q (B T ) and K (O T ) with K (T). The map 
assigning to a finite dimensional module of T its dimension extends to a group homomorphism 
dim : K (T) — > Z. By Proposition!!] below, under our identification K (O T ) = K (T) this 
homomorphism corresponds to the rank function on projective modules rk : Ko(0 T ) — > 
Z, and therefore each ideal of T has dimension 1 in Ko(T). Now, according to |BGKj 
Proposition 1.3. ll(see also Lemma^ below) for each [P] e Ko(T) with dim [P] = 1, there is 
a unique pair (V, W) of finite-dimensional T-modules such that dim W — 1 , V ^ Cr and 
[P] = [W] + [V] ■([!/]- 2[W ]), where [W ] G K (T) is the class of the trivial representation 

ofr. 

Given such [P] e K (T), we let 

(2.10) 7Z(V, W) := {Isomorphism classes of finitely generated projective -B T -modules M 

such that [M] = [P] in K (B T ) = K (T)} 

(2.11) 11' (V, W) := {Isomorphism classes of ideals iV of T such that [N] = [P] in 

K (O T ) = K (T)}. 

Then the Morita equivalence F : Kod(B T ) — > Mod(0 T ) induces a natural bijection 

K(V, W) ^ W(V, W) , (M) h-> (Me) 

Thus, the problem of classifying the ideals of T is equivalent to classifying projective B T - 
modules in 



(2.12) K= \JU(V,W) 



v,w 



where V runs over the set of isomorphism classes of all finite dimensional T-modules not 
containing Cr and W runs over T, the set of characters of T. 

The advantage of working with B T (rather than T ) is that B T is a "one- relator" algebra: 
it has a presentation as a quotient of a quasi-free algebra R by a two-sided ideal generated by 
a single element (see (J2.1J1 ). Following jBGj . we can think of this presentation as a differential 
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graded resolution of B T . To be precise, let B denote the graded associative algebra I © R 
having two nonzero components: the algebra R = C(x, y) * V in degree zero and its (two- 
sided) ideal / := RvR in degree —1 . The differential on B is defined by the natural inclusion 
d : / '—* R (so that dv = xy — yx — r G R and da = for all a G R). Now there exists a 
canonical quasi-somorphism of DG algebras given by the projection rj : B — > B T . This map 
yields the restriction functor 1]* : Mod(5 T ) — > DGMod(S), which is an exact embedding. It is 
well-known (see |KJ) that at the level of derived categories this functor induces an equivalence 
of triangulated categories D(Hod(B T )) -> Z>(DGMod(B)). 

Now, let M be a projective i? T -module representing a class in TZ. We will associate to 
M an object L in DGMod(S) together with a quasi-isomorphism M —* L, which we will call 
DG — model of M. The DG-models are characterized by simple axioms (see Definition 2 in 
Section 3.1 below), which determine L for each M uniquely up to isomorphism (see Theorem 
ITUlin Section 5.2). Thus our first result is following 

Theorem 2. Let A4 be the set of isomorphism classes of DG-models in DGMod(S). Then 
taking cohomology L — > H*(L) induces a bisection u\ : M. ^^ TZ. 

Next, in Section 3.2, we will show that each DG-model determines a point in the union of 
Nakajima varieties: 

(2.13) m T = lJm T (v,w), 

v,w 

where V runs over the set of isomorphism classes of all finite dimensional T-modules and W 
over the set of one- dimensional ones. Conversely, there is an explicit construction assigning 
to each point in 9JT T a DG-model in DGMod(S) (see Section 3.3). In this way we will establish 

Theorem 3. There is a natural bijection u 2 : 9Jt T — > M.. 

Combining Theorems 2 and 3 together we arrive at the following result (originally due to 
Baranovsky, Ginzburg and Kuznetsov, [BGK ): 

Theorem 4. The isomorphism classes of projective B T -modules of rank (= dimension) 1 are 
in 1 — 1 correspondence with points of the Nakajima varieties OJT". 

If compared with |BGKj . our proof of Theorem El has two main advantages. First, we 
construct the bijection Q : DJl T — ► M. as the composition of two maps Q — u>2 o u>i, each of 
which is easy to describe. As a result, we give a completely explicit description of rank 1, 
projective 5 r -modules (and thence, the right ideals of T ). 

To be precise, let {Wo, W±, ..., W m _i} be the complete set of irreducible representations of 
T = Z m such that W n = e n , and let {e , ei, ..., e m _i} be the corresponding idempotents in 
d C B T . Writing Wl T = \Jn=i W T {W n ), we denote by Q n the restriction of Q : Wl T -»• K 
to the n-th stratum DJl T (W n ). Then we have the following theorem which extends the main 
result of JBC]. 

Theorem 5. The map Q n : 9JV~(W n ) — > TZ sends a point of dJt T (W n ) represented by a 
quadruple (X,Y,i,j) to the class of the fractional ideal of B T : 

M = e n det(F - yI)B T + e n Kdet(X - xI)B T , 

where k is the following element 

k = 1 -j{Y - yI)~\X - xI)-H{e n ) 

in the classical ring of quotients of B T . 



FARKHOD ESHMATOV 



One of the interesting features of the Calogero-Moser correspondence in the case of the Weyl 
algebra is its equivariance with respect to the action of the automorphism group Aut(Ai). Our 
approach allows us to extend this result to the case of noncommutative Kleinian singularities 
as follows. Let G be the group of T-equivariant automorphisms of the algebra R = C(x, y)*T, 
preserving the the element xy — yx G R. For each r G Cr, the canonical projection R — > B T 
yields a group homomorphism G — * Autr{B T ) , and thus we have an action of G on the 
space 1Z (induced by twisting the right I? T -module structure by automorphisms of B T ). On 
the other hand, there is a natural action of G on the Nakajima varieties 9JV(V, W). Finally, 
we observe that each a G G extends naturally to an automorphism of the DG-algebra B 
and thus defines an auto-equivalence a* on the category DGMod(S). It is easy to see that 
our axiomatics of DG-models is invariant under such auto-equivalences and hence we have 
the induced action of G on M.. Now, the two bijections LO\ : M. — > 1Z and uj 2 : VJV — > M. 
obviously commute with the actions of G defined above. Thus, we have the following 

Theorem 6. The map Q : 9Jl T — > 1Z is G-equivariant . 

We remark that if T = {e} the group G is isomorphic to Autc(Ai) (by a result of Makar- 
Limanov, |MLJ) and in this case our Theorem |H1 becomes one of the main results of Berest- 
Wilson. In general, comparing our results with |BWlj suggests that the (non-empty) subva- 
rieties Wl T (V, W) in (J2.13J1 are precisely the orbits of the given action of G on DJT. We will 
verify this conjecture in our subsequent paper. 

3. K-THEORY 

The purpose of this section is to give a i^-theoretic classification of ideals of T , that is 
the classification of ideals of T up to stable isomorphism. Let us remind that we denote by 
TV the set of isomorphism classes of ideals of T and by 1Z the set of isomorphism classes of 
5 r -submodules of eB T . By Lemma 1, these sets are in natural bijection. We will construct 
a map 7 : TZ — ► -Ko(F) X T such that for any two isomorphism classes (Mi) and (M 2 ) G 7Z, 
the modules Mi and M 2 are stably isomorphic if and only if 7((Mi)) = / y((M 2 )). 

First, we would like to make some remarks about the Grothendieck groups K (T), K (B T ) 
and Kq{O t ). We denote by [•], [-}k and [-]/< (o t ) the stable isomorphism classes in the 
respective i^-groups. By a well-known theorem of Quillen, the functor P 1— > P ®cr B T 
gives an isomorphism of groups K (T) = K (B T ), and since the set {[W^]}^^ generates 
K (T), {{e n B T ]K } are the generators of K (B T ). Furthermore, since B T and T are Morita 
equivalent algebras, the corresponding equivalence functor induces another isomorphism 
K (B T ) = Kq{O t ). We will use these isomorphisms to identify K (B T ) and K (O T ) with 
Kq(T). Now, the map assigning to a finite-dimensional module of T its dimension extends to 
a group homomorphism dim : K (T) — > Z and have the following result: 

Proposition 1. Under the above identification of K (T) and K (O T ) , the dimension junction 
coincides with the rank function on projective modules rk : K (O T ) —>■ 7L. 

Proof. Let dim : K Q (0 T ) — > Z be the composition of the isomorphism K (O T ) = K Q (T) 
with dim : K Q (T) —> Z. We need to show that dim = rk. It suffices to check this on 
generators of K (O T ), say {[e n B T e]K (o T )}- By definition of the dimension function we have 
dim([e n .B T e]) = 1. On the other hand, each of the e n B T e can be embbeded into T as an 
ideal and therefore r'k.(e n B T e) = 1. □ 
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Let us mention the following important result due to Baranovsky, Ginzburg and Kuznetsov 
(see jBTTK] . Proposition 1.3.11) 

Lemma 1. Let P G K (T) be such that dim(P) = 1. Then there exist T -modules W and V 
(uniquely determined by P up to isomorphism ), such that we have P = [W] + [V]-([L]— 2[W ]) 
in Kq(T) and moreover, dira(W) = 1 and V does not contain the regular representation as a 
submodule. 

Thus, with above identification of K (B T ) and K (T), we can define a map 7 : 1Z — » K (T) x 
T by: (M) *— > (V, W), where (V, W) is the pair of T-modules from Lemma^ Now, restating 
this Lemma in terms of i? r -modules gives a classification modules in 7Z(or equivalently, in 
7V) up to stable isomomorphism. 

Theorem 7. For any two isomorphism classes (Mi), (M 2 ) G 1Z, we have [M\\k = [M]^,, if 
andonlyifj((M 1 )) = j((M 2 )). 

Now, we will give a construction of the map 7 by showing how to explicitly determine the 
T-modules V and W for given class (M) e 1Z. 

Filter B T by assigning degree 1 to the generators x and y and degree to all elements of 
T. Let us denote by B T the associated graded algebra and let M be the associated graded 
module of a module M G mod(5 r ) equipped with a good filtration. Each ideal M of B T can 
be equipped with the induced filtration (which is good as B T is Noetherian). 

Proposition 2. For any isomorphism class (M) in TZ, there is unique n G {0, 1, ...,m — 1} 
such that M °— ► e n B T and dimc(e„-B T /M) < 00. 

The quotient e n B T / M can be viewed as a (finite-dimensional) T-module via the canonical 
inclusion Cr — ► B T . 

Lemma 2. Let (Mi), (M 2 ) G 1Z be such that M x ^-> e n B T and M 2 ^-> e^-B 1 " with finite 
dimensional quotients, for some n G {0, 1, ...,m — 1}, then [Mi] Kf) = [M 2 ]_ft: if and only if 

n = k and[e n B T /M 1 } = [e k B T /M 2 \. 

This lemma allows us to give an explicit construction of the map 7. Specifically, let 
(M) G R be such that M ^-> e n B T and dimc(e n B T / M) < 00, then we can assign to the class 
of M the pair ([W n ], [e n B T / ' M}) G K (V) ®K (T). We will show that this map coincides with 

7- 

Let Gq(B t ) be the Grothendieck group of finitely generated modules over B T . Then it is 

well-known (see, for example [H] Corollary 1.3), that the class of M in Gq(B t ) does not depend 

on a choice of good filtration on M, thus defining a map ip : K (B T ) — > G (B T ), [M] 1— > [M]<? . 

Now, since both Cr and S r = C[x, y] * T are Noetherian rings of finite global dimension, ?/> 

is an isomorphism of groups. Moreover, we have the following commutative diagram: 




(3.1) 

K (B T ) T -^ G (B T ) 

where 0i and 02 ar e group isomorphisms induced via canonical embeddings of Cr in the 
algebras B T and B T respectively. We have 
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Lemma 3. Let L be the natural two-dimensional representation of T and let V be a finite- 
dimensional module over B T . Then there is following class equation in K (T) : 

(3-2) <t>2\[V\G Q ) = [V](2[W ] - [L]), 

Proof. We consider the following sequence of 5 T -modules 

(V ® e) ® C r B T 

(3.3) -> V <g> cr B T -^ © -^ V ® cr B T -^ V ->• 

(V ® e" 1 ) <g> cr IT 
where the maps are given by 

d {vi ® 6i) = Ui-6i , 

c?i(fi (g) e <g> 6i, i> 2 <g> e _1 ® 6 2 ) = (^i-J/ ®b 1 -v x ®y-b 1 )- (v 2 .x ®b 2 -v 2 ®x-b 2 ) 

d 2 (vi <g> 6i) = (vi.a; <g> e <g> &i - t> i <g> e <g> x • b\ , v 1 .y (g) e _1 <g> &i - t> i <g> e^ 1 <g> y • &i) 

for Uj G V^ and 6, G -B T (i = 1,2). We claim that this sequence is exact. First, it is easy to see 
that d 2 o di = di o do = 0. Second, it is clear that do is surjective and that Ker(do) = Im(di). 
So we only need to prove that d 2 is injective and that Ker(di) = Im(<i2). 

Let {v\, ..., v n } be a basis of the finite-dimensional space V and let X = (Xij) and Y = (Yij) 
be matrices corresponding to the actions of x and y in this basis. Now if u = Y^=i Vi®bi E 
Ker(o? 2 ), then xbi = Y^=i -^ij^j ■ Assumig that m / Owe let bi be the element of largest 
degree among {bi,...,b n } C B T with respect to the above filtration. Then, deg(x&j ) > 
d e g(S?=i^ojfrj) which contradicts to the above equality and therefore u = 0, so d 2 is 
injective. 

Now if (u, v!) = (Yh=i v i ® e <g) &*, XT=i u « ® e_1 ® c *) G Ker ( d i)> tnen 

n n n n 

(3.4) J^ u< <g> (^2 Y ij b j - Vh) = ^Vi® C^2 Xi i c i ~ x ^°i) 
and we have 



L ,...,n. 



(3.5) ^ Fjjfej - y&j = y^ XyCj - xq, z = 1, 

3=1 3=1 

which we can simply write as follows: (Y — yl)b = (X — xl)c, where 6 and c are column 
vectors consisting of foj and q, i = 1, ...,n, respectively. 

To prove that Ker(di) = In(d 2 ) we must show that that there exists u" = Y17=i Vi ® ^ 
such that u = (X — xl)u" and u' = (Y — yl)u" . This is equivalent to finding a column 
vector d consisting of di, i = 1, ..., n, such that b = (X — xl)d and c = (Y — y/)d. From the 
matrix equation of (|3.5|) we can derive that each of foj is divisible by det(X — xf) and each 
q by det(Y — yl). Now, if we choose d := (X — xI)~ Y b = (Y — yl)~ l c, then it satisfies the 
required property. This proves exactness of the sequence (J3.3J) . 

Thus, from ()3.3|) we obtain the following class equation in Go{B T ): 

(3.6) [V] Go = [V ® cr B T ] Go - [(V ® e) ® CT 5 r ] G() 

-[(V ® e" 1 ) ®cr 5 T ] Go + [y ® C r B T ] Go 
Now applying c^ 1 to (|3.6|) we get the desired identity. □ 
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Proof, (of LemmaEI) We recall that ip : K (B T ) — > Gq(B t ) is a group isomorphism and 
therefore [Mi]# = [M 2 ]k" if an d only if [Mi]g — [^2]g - The inclusions Mi ^-> e n B T and 
Mi ^-> e k B T yield the following identities in Gq(B t )\ 

[Mx] Go = [e n B T ] Go ~ [e n B T /M 1 ] Go and [M 2 ] Go = [e k B T ] Go - [e k B T /M k ] Go . 

Applying to these identities the group isomorphism (p^ 1 '■ G (B T ) —> K (T) and using (|3.2|) 
we obtain 

<P2 1 ([Mi}go) = [W n ] + [e n W/M x \([L] - 2[W }) 
4>2\[M2] Ga ) = [W k ] + [e k B T /M 2 ]([L] - 2[W ]) , 
and now the statement easily follows from Lemma^ D 

4. DG-MODELS 

4.1. Axioms. Let us remind that we denote by B the graded associative algebra I® R 
having two nonzero components: the quasi- free algebra R = C(x,y) * V in degree zero and 
its(two-sided) ideal I := RvR in degree —1 . The differential on B is defined by the natural 
inclusion d : I ■=— ► R (so that dv = xy — yx — t e R and da = for all a G -R). The 
canonical map / : R — > -B yields the restriction functor /* : DGMod(S) — > Com(R). So any 
DG module may be viewed as a complex of -R-modules and, in particular, as a complex of 
Cr-modules (via the inclusion of Cr into R). 

We also recall that H(V, W) is the set of isomorphism classes of finitely generated, projec- 
tive (right) modules M over B T such that [M] Ko = [W] + [V]([L]-2[W ]) in K (B T ) ^ K (T) 
and dim[M] = 1. Now if M G 1Z(V,W) for some finite dimensional T-module V and 
W = W n G T, then we introduce the following definition (see |B(J| ). 

Definition 2. A DG -model of M is a quasi-isomorphism q : M —> L in DGMod(S), where 
L = L° © L 1 is a DG-module with two nonzero components (in degrees and 1) satisfying 
the conditions: 

• Finiteness: 

(4.1) dimcL 1 < 00. 

• Existence of a cyclic vector: 

(4.2) There exists a T linear map % : W — > L° such that i(W).R = L . 

• 'Rank one 7 condition: 

(4.3) L.v C Im(i) , 

where L.i/ denotes the action of z/ on L and Im(i) denotes the image of % in LP. 

The following properties are almost immediate from the above definition. 

1. Since W is a one-dimensional V- module there is a canonical inclusion W c —>- CT under 
which W = Ce n . Then condition (J4.2J) says that L° is a cyclic i?-module with cyclic vector 
i(e n ) which we denote by i n . 

2. The differential on L is given by a surjective i?-linear map: dj, : L° — >• L 1 . This follows 
from (J4.1J1 and the fact that the cohomology of a DG module over B is a complex of B T 
modules and that B T does not have finite-dimensional modules (|CBH j Th.0.4). Composing 
dL with i one obtains the map % : W — > L l . Again as in 1, we can conclude that L 1 is a cyclic 
R module with cyclic vector i(e n ) which we denote by i n . 
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3. Since v is a degree —1 element in B we have L°.u = 0. Thus condition (J4.3J1 in the 
axiom is equivalent to L 1 .v C Im(i). Define a map j : L 1 — > VT so that u .z/ = i(j(v)) . By 
Schur's Lemma the map z is an injective map and therefore j is a well-defined map . Now 
since T C ST^C) we have gz/ = z/g for all g G T which implies that j is a T-linear map. 
Composing j with dt, we obtain another T-linear map j : L° — > W. 

The following results give a useful characterization of DG models in the case of r = 0. 

Proposition 3. Suppose that B = I © R , where Iq = Rv^R, be a DGA such that di> = 
xy - yx. IfL = L°®L 1 e DGMod(B ) satisfies P~TJl - P~3]) then L x .v = on L. 

Proof. If L 1 = 0, then there is nothing to prove. So we may assume L 1 ^ . Then 
d-L^i) 7^ for map / : R — >• L 1 ,oh d L (i).a, is surjective by (j4.2|) . Now, using the notation 
(|4.4|) - (J4.7J1 and arguing as in Lemma 0] below, we can compute [X,"?"] =ij- On the other 
hand, the set of vectors {GY m X k (i) } spans L 1 and dimcL 1 < oo . An elementary lemma 
from linear algebra (see, e.g., [Nj, Lemma 2.9) forces then j = 0. □ 

Corollary 1. Let B and L be as Proposition then L can be identified with complex of 
B T -modules. 

4.2. The Nakajima data. Let L be an DG-module satisfying the axioms (J4.1J) - ([4.3)1 . 
Denote by X, Y, G (resp., X, Y, G) the action of the canonical generators of R on L° (resp., 
L 1 ), i. e. 

(4.4) X(u) :=u. x G End c (L°) , X(v) := v. x G End c (L 1 ) , 

(4.5) Y{u) :=u.y G End c (L°) , y(u) := v. j/ G Endc^ 1 ) , 

(4.6) G(u) :=u.ge End c (L°) , G(v) := v. g G End c (L 1 ) , 
One can easily check that these maps satisfy the following conditions 

(4.7) Xd L = d L X, Yd L = d L Y Gd L = d L G. 

The next lemma shows that the linear data (X,Y,i,j) extracted from a DG model satisfy 
conditions ()2.7|) and (J2.8J) and hence corresponds to a point in Nakajima variety. 

Lemma 4. The data introduced above satisfy the equations: 

(4.8) XY-YX+T = ij , X Y - YX + T = ij . 

(4.9) XG = e{g)GX, YG = e(g)GY, XG = e{g)GX, Y G = e(g)GY 

Proof. In view of (|4.7J) and surjectivity of di, , the second parts of the equations (|4.8|) and 
()4.9|) can be derived from the first ones, and the first of ()4.8|) follows easily from the Leibnitz 
rule: 

T{u) = u.r = u.(xy — yx — dp) = u.xy — u.yx — u.dv = 

(u.x).y — (u.y).x + di,{u).v = Y X{u) — X Y(u) + i(j d^u)) = 
Y X(u) - XY(u) + i(j(u)) = (YX-XY + ij)u. 



DG-MODELS OF PROJECTIVE MODULES AND NAKAJIMA QUIVER VARIETIES 11 

for all u G L°. 

Now to prove ()4.9|) we notice that 

u.gx = (u.g).x = X G(u) , 

on the other hand we have 

u.e(g)xg = e(g)(u.x).g = e(g)GX(u). 

□ 

4.3. From the Nakajima data to DG-models. Let (X,Y,t,j) G End(U,U)® 2 © 
Homr(W, U) © Homr(U, W), where W = W n , be a quadruple representing a point in the 
Nakajima variety. As a T-module U can be uniquely written as U — V © Cr® fc for some 
nonnegative integer k and a module V which does not contain the regular representation. If 
we denote U by L 1 , then, due to the stability condition (ii) in (|2.5|) . it is clear that L 1 is a 
cyclic module with cyclic vector i(e n ) = i n . 

Using Nakajima data, we can introduce a functional A : R — > C so that j(i n . a) = A (a) i n . 

Proposition 4. The functional A is defined by its values on the elements of the form x k y l , 
where k,l > 0. Moreover, we have X(x k y l ) = for all k and I such that k ^ l(modm). 

Proof. First, by the condition (J2.8J) and the fact that geT acts on i n by a constant, it is 
sufficient to define A on the elements of the free algebra C(x, y). Second, due to the condition 
(J2.7J1 we can express A(a), for any a 6 <C(x, y), in terms of X(x h y l ), k, I > 0. This finishes the 
proof of the first statetement. 
Now, by definition of A we have 

X(x k y% = 3(in.x k y l ) = W l X k dn)) , 
and hence, using (|2.9|) and (J2.8J) sufficiently many times we get 

e n (g) W l X k {i n )) = ](GY l X k (J n )) = e n+l - k (g)](Y l X k (J n )). 
Finally, comparing the last two expressions we obtain the desired identity. □ 

Now we form the following right ideal in R : 
(4.10) J := y^(a(xy-yx-r) + \(a))R. 



D 

aG-R 



Let L° := W ©cr R/J, then since dimjy = 1 we have that L° is a cyclic module over R 
with the generator e n © [ 1 ] j and hence we can define a map i : W — ► L° by w h^ w © [ 1 ] j . 

If we consider the map W ©c R —> L 1 , w © a \—> i(w).a, then elements of the form 
w.g © a — w © ga are annihilated by this map for any w G W and a G R. Therefore 
this map factors through the canonical projection W ©c R — ^ W ©cr R inducing a map 
/: W® cr R^L l . 

Further, it is easy to see that 

(4.11) i n . [a(xy — yx — r) + A(a)] = , VaG-R, 

which allows to factor / through yet another canonical projection W ©cr R — > W ©cr R/J 
producing a map from L° to L 1 . We denote this map by dz,. Being composition of T-linear 
maps di, is also T-linear . 



12 FARKHOD ESHMATOV 

Thus, we have constructed a complex of cyclic -R-modules 

L := [0 -> L° -2±> L 1 -* 0] , 

with differential dj_,. We want to enhance this complex with a DG-module structure over 
B. For this it is sufficient to define the action of v on L 1 and we define it as follows: 
(i n , a), v = —e n ® [ X(a) ]j. Due to (J4.11J) this action is well-defined and it is also clear that 
L l .u C Im(i). 

Summing up, starting with Nakajima data (X,Y,i,j) we have constructed a DG-module 
L that satisfies all the axioms of Definition 1. 

Finally we have to show that L represents a rank 1 projective module over B T of an 
appropriate class in K . 

Lemma 5. Let L be a DG-module over B constructed above. Then its cohomology H°(L) is 
a finitely generated, projective module over B T such that [H°(L)] Ko = [W n ] + [V]([L] — 2[W }) 
in K Q (B T ) = K(T), and consequently a representative of some class in 7Z(V,W n ). 

Proof. Let us fix some standard filtration on R, say Rk = spsm{x p y q g : p + q < k,g G T}, 
and put the induced filtration on J, so that gr(R) = R and gr(J) = I . We then can filter 
the complex L as follows: L° k := i n .Rk and L\ := i n .Ru- Using (|4.8|) it is easy to see that the 
given DG-structure on L descends to the associated graded complex gr(L) := Q) n >oLk/L k _i 
making it into a DG-module over Iq © R. This module satisfies the same axioms (|4.1|) - (|4.3jl 
as L, and hence by Corollary Q we have the following short exact sequence of _B T -modules 



(4.12) -> H°(L) -»• L° ->• L 1 ->• 0, 

where L° := gr(L°) and L l := gr(L 1 ). In particular, we have an isomorphism of 5 r -modules 
L° = W n £g>cr B T . Passing from Kod(B T ) to Kod(eB T e) via Morita equivalence we see that 
H°(L)e is a submodule of W n ®cr B T e. The module W n ®cr B T e = e n B T e can be identified 
with an ideal of eB T e and so can be H°(L)e. Thus H°(L)e is a f.g., rank 1, torsion-free 
module over eB T e. By standard filtration arguments all the above properties lift to H°(L)e 
viewed as a module over the algebra T = eB T e. Now by Theorem 0.4 of CBHJ, the 
gldim(0 T ) = 1 and therefore H°(L)e is projective. Again, in view of the Morita equivalence 
between T and B T , we conclude that H°(L) is a projective i? r -module. 

Now we need to show that fa 1 (\H° (L)] Ko ) = [W n ] + [V]([L] - 2[W ]) which is equivalent, 
by gg , to showing that ^ i\H Q {L)] Go ) = [W n ] + [V]([L] - 2[W }). From (O^ we have 
[H°{L)] Go = [L°} Go - [L l } Go . Since L° S W n ®crB T j we get that (p 2 \[L°] Go ) = [W n ]. Next we 
know that L 1 is a finite-dimensional module over B T isomorphic to V © Cr® fc , and therefore 
by LemmaElwe obtain ^([L 1 ]^) = [U](2[W / ] - [L]). D 

5. DG-MODELS AND INJECTIVE RESOLUTIONS 

In this section we show how to construct some explicit representatives of (the isomorphism 
class of) a module M, such that (M) e K(V, W n ), from its DG-mode\ M -^ L. The key 
idea is to relate L to a minimal injective resolution of M (see |BCj ). 

Let e : M — > E be a minimal injective resolution of M in Mod(S' r ) . Since global dimension 
of B T is one the resolution E has length one, i.e. E = [ — > E° — > E 1 — > ] , and 
is determined (by M) uniquely up to isomorphism in Com(i? r ) . Recall that DGModoo(S) 
denotes the category of DG modules over B with morphisms given by Aoo homomorphisms. 
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Then, when regarded as an object in DGModoo(S), E is in the same quasi-isomorphism class 
as L . It is natural to find a quasi-isomorphism that 'embeds' L into E . By Lemma E3 (see 
Appendix below) any Aoo-quasi-isomorphism between such modules is determined by two 
components / = (f\, f'2) where fi m .L—>E and f2'.L 1 ®R^E°. 

Theorem 8. Let r : M — > L be a DG-model of M , and let e : M — > E be a minimal 
injective resolution. Then there is a unique Aoo-quasi-isomorphism f x : L — > E such that 
(fx)i or = e and 

(5.1) {f x ) 2 (v,x) = and (f x ) 2 (v,g) = VveL 1 , VgET. 

Remark. First, a similar result can be stated if we replace x by y. We will denote the 
corresponding quasi-isomorphism by f y : L — > E. Second, the last equation of (|5.1|l implies 
that f'2 induces (and is determined by) the map L 1 ®cr R ^ E° which we also denote by f^. 

The following lemma is essential for the proof of Theorem |5J 
Lemma 6. E° is a torsion-free module over C[x] . 

Proof. First of all , since M is an ideal of B T we obtain that it is C[x] r -torsion free. Let 
n G E° be a torsion element then there is q G C[x] T such that q 7^ and nq = 0. Since E° is 
the injective envelope of M we can find nonzero b G B T and m G M such that m = nb. Now 
the elements of S = C[x] r \ {0} acts ad-nilpotently on B T which implies that S is an Ore set 
and hence there are elements t G S and c G B T such that bt = qc . Multiplying expression 
m = nb by t we get : 

rat = nbt = nqc = 

which contradicts that M is C[x] r torsion-free. This proves that E° is a torsion-free module 
over C[x] r . Now C[x] is a finite integral extension of C[x] r . Hence, for any nonzero « 6 C[i] 
there exists a minimal monic polynomial f(v) = v l + ai_i(x)v l ~ 1 + ... + ai(x)v + a (x) with 
coefficients in C[x] r such that f(u) = and therefore we have 

u(u l ~ l + ai-i(x)u l ~ 2 + ... + Oi(x)) = —ao(x). 

If we had nonzero n G E° such that nu = this would imply na^x) = which contradicts 
that E° is torsion- free over C[x] r . □ 

Proof, (of TheoremlHI) 

First we observe that since there is a canonical inclusion of C[a;] * T into R the complex L 
can be considered as a complex over C[x] * T. Now since B T is projective over C[x] *T (in 
fact, it is a free module B T = Q)kL y k( C[x} * T), the complex E consists of C[x] * T injective 
modules. Hence, e : M — > E extends to a C[x] * T-linear morphism f\:L-^E such that 
the diagram 



- M L° — -+ L 1 



(5.2) 



h 



h 



M —^ E° -^* E 1 



commutes in Com(C[x] *T) . We claim that such an extension is unique. Indeed, if f[:L ^ 
E° is another map in Mod(C[x] * T) satisfying fi°r = f[or = e , then f[ — /1 = on Ker(d£,) 
by exactness of the first row of (|5.2|) . So the difference A := f[ — fi induces a C[x] * T-linear 
and hence C[x]-linear map A : L 1 — > E° . Since dime L 1 < 00 , L 1 is torsion over C[x] , while 
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E° is torsion-free by the lemma above . Hence, A = and therefore f[ = f\ ■ This implies, 
of course, that f[ = f\ as morphisms in Com(C[x] * T). Now using part b of Lemma fTUl we 
can derive that the map f\\L^E extends to a unique quasi-isomorphism of Aoo-modules 
over B (see |BC] Lemma 6) . 

Now the map / being C[x] * T-linear means that 

f 2 (v,x)=0 and f 2 (v,g)=0, VveL 1 , WgeT, 

which is exactly condition (j5.1|) . □ 

To find the image of M in E° we need to give an explicit construction of f\. The formula 
(J10.6J) in Appendix B relates /i and f 2 . Substituting c = v in this formula we get 

fi(y.v) - fx{v).v = -f 2 {y, dv) . 

Then as E is a complex over B T the second term on the left hand side vanishes. Now since 
v .v = j(v)i n and dv = xy — yx — r, we obtain the following equation on f 2 : 

(5.3) i x j(v) = -/ 2 (u, xy) + f 2 (v, yx) - f 2 (v, r). 

where i x := fi(i n ) £ E° . Using (J10.7J) and (|5-H) we can rewrite this equation in the following 
form 

(5-4) f 2 (v, y)-x- f 2 (X(v),y) = ](v) i x . 

Once this functional equation is solved one can recover /i from ()1U.4|) . The solution of (|5.4jl 
is given in Theorem El below. To state this theorem we need the following important result. 

Lemma 7. The ring B T has the classical (right) ring of quotients Q(B T ). 

Proof. By Theorem 0.4 of [CBHJ the ring T is simple and therefore semiprime. Being 
semiprime ring is a Morita invariant property so the ring B T is also semiprime. Now, as B T is 
a Noetherian, the existence of Q(B T ) is a consequence of Goldie'sTheorem (see jStj pp. 54-56) 
□ 

Theorem 9. Let f x be a k^- quasi-isomorphism defined in Theorem^ and let f y be its 
counterpart obtained by interchanging x and y (see Remark following Theorem^). Then f x 
and f y are given explicitly by 

(5.5) (f x ) l (i n .x k y m )=i x -(x k y m + A>r(l n )) , (/,) 2 (v, x k y m ) = i x ■ Ajj» , 

(5.6) (/„)! (i n . x k y m ) =iy( x k y m + A km (J n ) ) , (f y ) 2 (v, x k y m ) = i y ■ A km (v) , 
where i x := (/ x )i (i n ) and i y := (f y )i (i n ) in E° , and 

(5.7) A km {v) := -]{X - xI)-\Y - yiy x (J m - y m T) X k v , 

(5.8) A km (v) := j(Y - yiy\X - xiy\X k - x k I) y m v , 
where I := Idji. Moreover, 

(5.9) i x .g = e n (g)i x , i y .g = e n (g)i y , VgeT 

(5.10) i x = i y ■ k 
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where k G Q is given by the formula k — 1 — j (Y — yI)^ x {X — xl)~ l i n and satisfies the 
equation 

(5.11) e n n{l — e n ) = inQ. 

Let us give some comments on the theorem. 

1. Since i n is a cyclic vector of one dimensional r-module W the elements {i n . x k y m } form 
a basis of L°. So it suffices to define the maps (f x ) and (f y ) only on these elements. 

2. The formulas (J5.7J) and ()5.8|) define the maps A kr ^ : L 1 — > Q(B T ) for m, k > , which 
could be written more accurately as follows 

m 

A k x m (v) := - det(X - x Id) _1 (j ® 1) [ (X - x Id)* ^ F m -'X fc (v) ® y l ~ l ] , 

i=i 

where (X — x I)* G Endc(L 1 ) ®c R denotes the classical adjoint of the matrix X — x I and 
j ® 1 : L 1 ®c -R — > -R is defined by t> ® o i— > j(f) o . 

3. The dot in the right hand sides of (J5.5J) and (J5.6J) denotes the (right) action of B T on 
E . Even though A^"(t> ) G Q(B T ) , these formulas make sense because both E° and -E 1 are 
injective, and hence divisible modules over B T . 

Proof. The second formula of (J5.5J) and can be checked simply by plugging it in (J5.4J) 
for v = i n . Then using ()10.4|) we derive the second formula of ()5.5|) . Similarly considering 
<C[y] *T linear map f y we can obtain (|5.6|) . The formulas in (|5.9|) can be derived from the 
fact that both f x and f y are T-linear maps. 

Consider the polynomial p(x) = det(X-xI) then by Hamilton-Cayley's theorem i n . p(x) = 
0. This implies that i n .p(x) is in the image of r. Since f x or = e = f y °r we have f x (i.p(x)) = 
f y (i.p(x)). Using (|5.6|) and (|5.8|) we obtain 

i x ■ p(x) = i y ■ (1 - ] (Y - yI)~ l {X - xI)~H n ) p{x) 

and since E° is divisible module we derive formula (|5.1()jl simply dividing it by p(x). 

In order to prove (|5.11|) it sufficies to show that e n n ■ g = e n (g) e n n for all g E T. For this 
we expand e n K into the formal series: 

(5. 12) e n K = e n -e n J2j (Y l X k i n ) y^x-**- 1 = e n - e n J^ X ^ V^ 1 ^ 1 , 

l,k>0 l=k(modm) 

where A^; = X(x k y l ) and the last equivality follows from Proposition 0] Now multiplying this 
series by g we obtain 



(5.13) e n K-g = e n (g)e n (l- JJ e k ~\g)\ kl y- l - l x- k - 1 j =e n (g)e n K. 

l=k(modm) 

where the last equality follows from (J5.12J) and the fact that e k ~ l (g) = 1 for / = k(modm). 

D 



Corollary 2. Let L be an DG-envelope of M G 1Z(V,W n ), and let (X,Y,i,j) be the 
Nakajima data associated with L. Then, M is isomorphic to each of the following (fractional) 
ideals 

(5.14) M x := e n det(X - xl) B T + e n /i det(Y - yl) B T , 

(5.15) M y :=e n det(Y - yl) B T + e n n det(X - xl) B T , 



16 FARKHOD ESHMATOV 

where \x := 1 + j (X — x/) _1 (F — yL)~ 1 i n is such that e n n ■ e n /i = e n \x ■ e n K = e n and hence 
M y = e n nM x . 

Proof. Since M is an ideal of B T and E°(M) is a divisible module there is an inclusion 
Q(B T ) <— > E°(M). The key idea of the proof is to realize M in its injective envelope E°(M) 
by investigating the image of r(M) under the maps f x and f y . 

Let p(x) = det(X — xl) and q(y) = det(F — yl) then by Hamilton-Cayley's theorem 
D = i n .p(x)R + i n . q(y)R is an i?-submodule of Ker(dx,) = Im(r). It is easy to see that D is 
a submodule of finite codimension in LP and hence D is a finite codimension in Im(r). Now, 
since / is an injective map, f x {D) is a subspace of finite codimension in / x (lm(r)). Further, 
it is clear that f x (Im(r)) = e(M) is a -B r -module. 

If we show that f x {D) is also _B T -module, then, since for generic r the algebra B T does not 
have finite-dimensional modules, we obtain f x (D) = f x (lm(r)). 

By (15. 5J) and (J5.7J1 we have f x (i n .p(x)R) = % x -p[x)B T . Further, since f x or = e = f y °r we 
obtain f x (i n . q(y)R) = f y (i n - Q.{y)R) an d therefore by ()5.6|) and (J5.8J) we have f y (i n - q(y)R) = 

h ■ q(y)B T . 

Now, since 

[X-xI,Y-yI] = [X,Y} + [x,y}I = ioj-f + Tl, 
it is easy to check that e„/x ■ e n K = e n K ■ e n // = e n and hence i y = i x fi . Thus, we get 

f x (D) = f x {i n . p(x)R) + f y {i n . q{y)R) = i x det(X - xl) B T + i^ 1 det(F - yl) B T . 

By above arguments we obtain M = e(M) = f x (lm(r)) = f x {D) . To finish the proof we 
notice that there is a i? T -linear automorphism of E°(M) sending i x to e n . □ 

6. Existence and Uniqueness 

6.1. Distinguished Representatives. In previous section, in Corollary |21 for every DG 
model L G M. we have constructed two different realizations of H°(L) as fractional ideals of 
B T . Our main goal in this section is to present analogous result for any MeK. This result 
will be essential for proving existence and uniqueness of DG models. 

First, we notice that S\ = C[x] \ {0} is an Ore set in B T . Indeed we have already shown 
in Proposition El that the set S = C[x] r \ {0} is an Ore set. Since S is an integral extension 
of S\ then for any u G Si we have 

u(u k ~ l + a k _i(x)u k ~ 2 + ... + ai(x)) = — a (x) 

with ai(x), ..., Ofe_i(x) G C[x] r and ao(x) G S. So for any b G B T there exist c G B T and 
a G C[x] r such that ab = cao(x) = [— c{u k ~ l + a/ c _i(x)M A: ~ 2 + ... + ai(x))]u which proves that 
Si is an Ore set. Now let 5 T [S' ] ~ 1 ] be the ring of fractions of B T with respect to Si then M x 
of Corollary |21 has the following properties: 

(1) M x C e n B T [S^ 1 ] and M x n e„C[x] ^ {0} , 
(6.1) (2) if e„(a fc (x)^ + a k - 1 (x)y k - 1 + ...)& M x then a fc (x) G C[x] , 

(3) M x contains elements of the form e n (y h + ak-i(x)y k ^ 1 + . . .) , 
We can also introduce the set S2 = C[y] \ {0} and show that M y satisfies similar properties. 

Lemma 8. Let M be a representative of some class in TZ, then there exists a fractional ideal 
M x of B T isomorphic to M and satisfing conditions (1) — (3) for some n G {0, 1, ...,m — 1}. 
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Proof. First of all, without loss of generality we may assume that M is a submodule of 
eB T such that MfleC[x] ^ {0} (see |BGKj . Lemma 6.4). Now let w = (wi,w 2 ) be a pair of 
nonnegative real numbers such that w = w\ + w 2 > then we introduce a natural increasing 
filtration on B T : F^,B T = CT, F l w B T = {x k y m g\ deg w (x k y m g) := k Wl + mw 2 <i,g G T}. We 
can extend this filtration on Q by the following formula: 

deg^air 1 ) : = de sM - de s w ( b ) 

and F l w Q = {q G Q\ deg w (q) < i}. With respect to this filtration we define the associated 
graded algebra gr^-B 1 " = ® c £ =0 F k B T / F k ~ l B T = C[x, y] * T, where x := gr(x) and y := gr(y). 
We will now choose w = (0, 1) and denote the associated graded module of M with respect 
to this filtration by gr (M). Then we have 



gr y (M) = Q)e n I k (x)y k 



fc>0 

where Jo Q Ii C I 2 C ... is an ascending chain in C[x] with Iq(x) ^ 0. Since C[x] is a 
PID each !& is cyclic and the sequence of ideals {Ik} stabilizes : J„ = I no +i = Jn +2 = ■•• 
starting from some n = n > . Denote by p = p(x) the principal generator of I no in C[x]. 
Now we claim that p(x) = x^p(x) for some j G {0, 1, ...,m — 1} and p(x) is a T-invariant 
polynomial. It is clear that we can write p(x) as follows: p(x) = Y2T=o x ^Pj{ x )i where each 
Pj(x) is a T- invariant polynomial. Let jo be the minimal j for which Pj(x) ^ then there 
exists an element of M of the form b = ex^°pj (x)y n ° + {terms of degree of y less than jo}- 
Hence gr (b) = ex^pj {x)y n ° which implies our claim. Finally let M x = p~ 1 (x)M then since 
ex- 70 = xi°e m -j we obtain M x C e m _j -B r [S' ] ~ 1 ] and M x satisfies conditions (1) — (3). □ 

Corollary 3. Let M x and M' x be two fractional ideals isomorphic to M and satisfying (1) — (3) 
above. Let q be an element of Q such that M' x = qM x then q e Ce n (and hence M' x = M x ) . 

Proof. It is clear from (2) of (J6.1J) that gr y (M x ) C gr y B T — e n C[x, y\. Moreover, due 
to conditions (1) and (3) this embedding is of finite codimension. This in turn implies that 
gr y (g) G Ce„. Now since M x fl e n C[x] ^ {0} we have q G e n C(x)[y]. Combining these last 
two facts we conclude that q G Ce n . 

□ 

Reversing the roles of x and y , we obtain another distinguished representative M y . The 
statement similar to LemmaHilwill also be true for M y . In Corollary El we have seen that there 
is an element k G Q such that M y = e n nM x . The following corollary claims such element is 
unique. 

Corollary 4. Let M x and M y be fractional ideals isomorphic to M and defined as above. 
Let q be an element of Q such that M y = qM x then q is uniquely determined up to constant 
factor of e n . 

Proof. Suppose we have qi,q 2 G Q such that M y = qiM x {i = 1,2). Since both M x and 
M y are submodules of e n Q(B T ) we derive qi,q 2 G e n Q(B T )e n . Hence M x = qM x where 
Q — Q 2 1( li G Q. Now by the above lemma q G Ce n . □ 
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6.2. Uniqueness. In this section we will establish uniqueness of DG-models up to isomor- 
phism of DG-modules. First we remind the definition of linear functional introduced earlier 

A : R — > C, a i— > A(o), where A (a) i n = j(i n . a). 

We recall from Section 3.3 that A is completely deternined by its special values: 

(6.2) \ kl := AOV). 

Theorem 10. Let L and L be two DG-models of M. Then the following are equivalent : 

(a) L and L are isomorphic as DG-modules over B, 

(b) L and L are A^-isomorphic, 

(c) L and L are A^ quasi-isomorphic. 

(d) L and L determine the same functional A : R — > C (i.e A = X). 

Proof. The implications (a) =>- (b) =>- (c) are obvious. It suffices only to show that 
(c) =4> (d) and (d) => (a) . 

If L satisfies (f4~T|) -(JO |) then, by Lemma El the cohomology H°(L) e K{V,W n ). By 
Corollary |2J H°(L) is then isomorphic to the fractional ideals M x and M y related by M y = 
e n K,M x (see (J5.14J) . (|5.15|l ). Expanding e n n into the formal series as in (J5.12J) we have : 

(6.3) e n (1 - j (Y - y)-\X - x)" 1 ^) = e n - e n V (jY l X k i) y—.r 



= e n -e n ^2 \ H y l x x k 1 

l,k>0 

Now, e n K is determined uniquely, up to a constant factor of e n , by the isomorphism class 
of H°(L) (see Corollary 0J) . Hence, if L are L are quasi-isomorphic A^-modules, we have 
H°(L) = H°(L) and therefore e n k = c ■ CiK for some c G Ce n . Comparing the coefficients 
of (|6.3|) yields at once c = e n and A^^ = Aj& for all/, k > . Thus, we conclude (c) =^> (d) . 
Now let A = A then J = J and therefore the map /° : L° — > L° defined as i n . a *—>■ i n .a 
is an isomorphism of i?-modules. Since H°(L) = H°(L) the induced map f\ : L 1 —> L 1 is 
also isomorphism. Finally since d^ o f® = f\ o rf L the pair (/°, fl) produces the necessary 
DG-isomorphism which proves implication (d) => (a). □ 

6.3. Existence. Let us start by stating the main result of the section. 

Theorem 11. For each projective module M e TZ(V,W n ) there is a DG model satisfying 
axioms of Definition 1 . 

So we need to produce a right DG module which is a two-complex of vector spaces, quasi- 
isomorphic to M and satisfies conditions (|4.1|) - ()4.3|) . Constructing such DG module L is 
equivalent to constructing a DG algebra homomorphism \1/ from B to the opposite of the DG 
algebra HomA L, L) which we denote by C. Let us remind that DG structure on C. The 
multiplication is just usual composition of endomorphisms and the differential is defined by: 

dc{f) :=d L of- (-l)V o d L , for / e 0. 

The algebra B has the generators x,y,g(E Z m ) in degree zero and one generator v in degree 
minus one such that dsiy) = xy — yx — r. Since the algebra C consists of three nonzero 
components C = C' 1 © C° © C l such that : 

CT 1 =Hom c {L 1 ,L°) 
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C° = End c (L°) © EnddL 1 ) 

C 1 = Hom c {L°,L 1 ) 

we need to map x h-> (X, X), y i— ► {Y,Y) , g h (G, G) and v h-> /, where X, Y, G G 
End c {L°), X,Y,G G End^L 1 ) and / G Hom^L 1 ,L°). Moreover,^ must satisfy the 
following conditions dc(^(x)) = dc(^(y)) = and \1>(c/bz/) = dc(^!{v)) which are equivalent 
to the following system of equations: 



(6.4) 



d^o X = X o di, , di, oY = Y o dt, 



(6.5) 



XY -YX + T = f , XY-YX + T = f± 
dc{f)- The rest of this section focuses on the construction of such complex 



where (/ , fi, 
L. 

In Section f6.il we have shown that ideals M x and M y defined in Corollary |2 are uniquely 
characterized by properties (1) — (3) of (J6.H1 . Moreover, by Corollary |U there is e n K G Q 
such that My = e n nM x and e n n is uniquely defined up to constant factor of e n . We choose 
e n n such that gr y (e n /t) = e n . Now even though M x and M y are fractional ideals we can 
embed them into e n B T by means of the following maps: 

(6.6) p x : e n B T [S^ 1 ] - e n B T , e n b(x)y m h-> e n b(x) + y m 



(6.7) 
where 



p y : e n B T [S 2 x ] -> e n 5 r , e n b(y)x m i-> e n b(y) + x r 



+ " stands for taking polynomial part of corresponding rational function. Let 
r x : M x — > e n B T and r^ : M y — >• e n -B r be restrictions of the above maps to M x and My 
correspondingly and let V x = e n B T /r x (M x ) and V y = e n B T /r y (M y ). It is not difficult to see 
first that r x is C[y] * T-linear and r y is C[x] * T- linear maps and second that both V x and V y 
are finite dimensional T-modules. Now let's consider the following complexes of T-modules: 

(6.8) L x =: [ - e n B T ^ V x ^ 0] and L y =: [0 ^ e n B T -► V y -> ]. 



We can extend isomorphism M x 



M„ to isomorphism of of the above complexes: 



M, 



C n K,- 



$ 



M 



;</ 



y •"!/ 

-iirc-ii 



First let us introduce some notations. Let I? r [.S-f ] [££" ] be a T-module where _B r first localized 
by the set Si and next by 5*2- Then it is easy to see that e ri -B T [S' ] ~ 1 ][S' 2 ~ 1 ] = e n C(x)(y) and 
en-B^S^ 1 ]^-!" 1 ] = e n C(y)(x). We now introduce four linear maps: 



(6.9) 



e n B^[S^][S 2 

Px / ^\Pv 




e n B T [S^][Si 
Px / ^\Py 




e n C[x](y) 



e n C(x)[y] e n C(y)[x] 



e n C[y](x) 
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which are defined as follows p x : e n f{x)g{y) h-> e n f(x)+g(y), p y : e n f{x)g{y) \-+ e n f(x)g(y)+, 
Px ■ e n g{y)f{x) i-> e n g(y)f(x)+ and p y : e n g(y)f(x) ^ e n g{y) + f{x). It is clear that all of 
these maps are L-equivariant. We then define a T-equivariant map : e n 5 T — > e n 5 T by 

(6.10) 0(e n 6) := p y p x (e n K ■ e n b) = p y p x (e n Kb) , b e B T . 

Now one can argue as in Lemma 7 of |BCj to prove the following result. 



Proposition 5. Let : e n B T — > e n i? T fre a map as in (I6.10J) t/ien: 

(1) extends k through r x , i. e. o r x = r y o e n K . 

(2) is invertible with _1 : e n 5 T — > e n B T given by _1 (a) = p x p y (e n pb) . 

(3) VKe have 0(e n o) = e n 6 whenever b G C[x] or 6 G C[y] . 

Proof. Denote by C(x)_ the subspace of C(x) consisting of functions vanishing at infinity. 
Then we can extend our earlier notation writing, for example, C(x)_(y) for the subspace of 
C(x)(y) spanned by all elements f(x)g(y) with f(x) G fc(x)_ and g(y) G k(y) . 

(1) Since M x C e n C(x)[y] we have r x {m) —mE e n C(x)-[y] = C[y](x)- for any m G Mj. . 
Hence, e n n ■ (r x (m) — m) G e n C(y)(x)_ and therefore p x (e n n ■ r x {m)) = p x (e n n ■ m) . On the 
other hand if m G M x then e ra /t • m G My C C(?/)[:r] and therefore p x {e n K ■ m) = e n K ■ m. 
Thus we have 4>{r x {m)) = p y p x (e n K ■ m) = p y (e n n ■ m) = r y (e n K ■ m). 

(2) It follows from definition of that p y p x (0(e n o) — k ■ e n b) = and therefore 

0(e n 6) -e n K-b G e„C(y)(x)_ + e n C(y)_(x) = e n C(x)_[y] + e n C[x](y)- + e n C(y)_{x)- . 

Now multiplying the last expression by e n p and using the fact that e n p — 1 G e n C(x)_(y)_, 
we obtain 

e n /i • 0(e„6) - e n 6 G e n C(x)-(y) + e n C(x)(y)- + e n C(y)_(x)_ + e n C(x)-(y)-(x)- . 

On the other hand, since 0(e n 6) G e n B T , we have e n p-0(e n o) — e n 6 G e n C(x)(y) . Comparing 
the last two inclusions shows e n /i-0(e n o)— e n o G e n C(x)_(y)+e n C(x)(j/)_ . Hence p x p y (e n p- 
4>{e n b) — e n b) = and therefore p x p y (e n p ■ 0(e n o)) = e n b for all b E B T . Defining now 
_1 : e n B T — > e n 5 T by the formula _1 (e n 6) := p^ p y (e n p ■ b) we see that 0" 1 o = Id en £r • 
On the other hand, reversing the roles of and 0" 1 in the above argument would give 
obviously o 0" 1 = I& enBT . Thus, is an isomorphism of vector space, and _1 is indeed 
its inverse. 

(3) is immediate from the definition of . For example, if 6 G C[x] then e n K ■ b — e n b G 
C(y)-(x) and therefore 0(e n 6) := p y p x (e n K ■ b) = p y p x (e n b) = 6, as claimed. □ 

Remark. Once the isomorphism satisfying condition (1) of Proposition is established 
one can easily determine isomorphism of quotient spaces : V x — > V y and hence isomorphism 
of complexes $ = (0, 0) : L x — > L y . 

We will now define our DG module. Let L := L x and endomorphisms 1,7 6 Endc{L°) 
and X, Y G End^L 1 ) are given by 

(6.11) X(e n b) := 0- 1 (0(e n 6) • x), Y(e n b) = e n b ■ y 

(6.12) X{e n b) := f^M • x), Y{e n b) = e n b ■ y 

where " • " stands for usual multiplication in B T . It is clear from the construction that these 
endomorphisms satisfy ()6.4j) . We next define the 'cyclic' vectors: 

(6.13) i : W n — > L° , e n h-> e n , and i : H^ n -> L 1 , e n h-> d L (e n ). 
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Now the condition (J6.5J) is a consequence of the following proposition. 
Proposition 6. The endomorphisms (j6.11|) and (J6.12J) satisfy the equations 
(6.14) XY ~YX + T = ij, XY -YX + f = i] 

for some j : L° — > W n and j : L 1 — > W n related by j = jd^. 

Proof. It suffices to show that 

XY(e n b) - YX(e n b) + T(e n b) G Ce„ for any b G B T . 

Indeed, if it holds we can define j(e n b) = XY(e n b) — Y X(e n b) + T(e n b). By previous 
Proposition it is then easy to see that j(e n b) = on Im(r x ) , and since Iia(r x ) = Ker(<i£,) 
the second equation follows from the first. 

Let b := X(e n b) — e n b ■ x, then using (J6.1H) we have 

<p(b) = 4>{e n b) ■ x - 4>{e n b ■ x) = p y {p x (e n K,b) ■ x - p x {e n K,b ■ x)). 

It is clear that the last expression lies in e n C[y] and therefore, by Proposition |^3) we get 
b G e n C[y] for all b G B T . Now we have 

(XY - YX)(e n b) + T(e n b) = <P~ l (<P(e n by)x) - <p-\<f ) (e n b)x)y + T(e n b) = 
((f)~ 1 ((j)(e n by)x) - e n byx) - (<p~ l (<p(e n b)x) - e n bx) y G e n C[y] . 

On the other hand, if besides (j6.11|) we define X', Y' G Endc(e n B T ) by 

X'(e n b) := e n b ■ x , Y'(e n b) := 0(0 _1 (e n fo) • y) 

then by symmetry (XT' - Y'X')e n b + e n b G e n C[x] for all b G B T . But <f>X = X' <f> and 
<PY = Y'(j). Hence cf>([X, Y]e n b + e n b) = [X', Y']<j>(e n b) + <p{e n b) G e n C[x] , and therefore 

[X, Y}e n b + e n b G e n C[y] n ^(Cfc]) = C[y] n C[x] = C . 

where the first equality holds due to Propostion|^3). D 

Now if we choose / = ij then dc(f) = (/i, fo) = (ij, ij) and therefore, by Proposition El 
condition (|fj.5|l holds. 

7. Bijective Correspondences 

Let us remind that 1Z(V, W) is the set of isomorphism classes of projective modules M over 
B T such that [M] Ko = [W] + [V]([L] - 2[W }) under K (B T ) = K (T). Further let M(V, W) 
be the set of strict isomorphism classes of DG-models as defined in Definition 1. Finally, 
let Wll(V,W) = UfcLo^rty © CT® k ,W) be a disjoint union of Nakajima spaces then we 
establish the following bijective correspondences. 

Theorem 12. There are four maps 

a n 

(7.1) K(V, W) ^=1 M{V, W) z^L Vh T r (V, W) , 

such that (9i,u>x) and (82,002) are pairs of mutually inverse bijections 
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Proof. The map 9\ is given by the construction in Section 16.31 which assigns to an ideal 
M its DG-model M — > L ( Theorem II 1)1. Passing from M to isomorphic module produces 
DG-model quasi-isomorphic to L which by uniqueness theorem implies that they are DG- 
isomorphic and therefore this map is well-defined. 

The map uj\ is defined simply by taking cohomology of DG-model which is by definition 
projective module of B T such that 0^([M]^ O ) = [W] + [V]([L] - 2[W ]). Now it is clear that 
u>io 9% — Idji, while 9\ o u\ — Idj^ follows again from uniqueness theorem. 

In Section 2.2 we have constructed Nakajima data from DG-model. Since the action of B 
commutes with DG-module isomorphism we get well-defined map #2 from hA to 93tf (V, W). 

In Section 2.3 we have shown how to get DG-model from a point in 9Jtf (V, W). Now if we 
replace (X,Y,i,j) by equivalent data (gXg" 1 , gYg' 1 , g(i), jg^ 1 ), where g G GL(V ©CT® fc ) , 
then the functional A remains the same, and hence so do the ideal J and the -R-module LP. 
On the other hand, the differential di, gets changed to gdi,. As a result, we obtain an 
DG-module L strictly isomorphic to L , the isomorphism L —* L being given by (Id^o,^) . 
Thus, the construction of Section 2.3 yields a well-defined map u 2 : 9Jtf (V, W) —* M. . 

Now we have to show that 82 ° 0J2 = Id and u>2 ° 02 = Idjvi- The first equality follows 
immediately from the constructions in Sections 2.2 and 2.3. The second equality follows from 
Theorem ITU1 since both L and u>2 ° O^L) have the the same linear data (X, Y, i, j) and hence 
produce the same A. □ 

8. G - EQUI VARIANCE 

Let G = Aut-p(R) be the group of T-equivariant automorphisms of the algebra R = C(x, y)* 
r preserving the form uj = xy — yx G R. In this section we show that G acts naturally on 
each of the spaces 1Z(V, W), VJl(V, W) and M^{V, W) and the bijections of Theorem (JT2J) are 
equivariant with respect to these actions. 

We start by describing the action of G on the space of ideals TZ(V, W). First, we observe 
that G maps to the group Autr(B T ) of T-equivariant automorphisms of the algebra B T 
as B T is, by definition, a quotient of the algebra R. Now, Autr{B T ) acts naturally on 
the category Mod(£> T ) by twisting the structure of £> T -modules by automorphisms: to be 
precise, for each a G AutY{B T ) we have an auto-equivalence cr* : Mod(5 T ) — > Mod(S T ), given 
by <7*(M) = M a -i. Clearly, the functors a* restrict to the subcategory PMod(£> T ) of f.g. 
projective -B T -modules and their action preserves the rank of projective modules. Thus, for 
each a G Autr(B T ) we have a bijection 1Z — > 1Z induced by a*, and this defines an action of 
G oiiTZ via the group homomorphism G — > Autr(B T ). We claim 

Lemma 9. The action of G onlZ defined above respects the stratification (2.11). 

Proof. The action of the group G on the category PMod(5 r ) by exact additive functors 
yields a well-defined group homomorphism G —>■ AutY{B T ) — > Aut(K (B T )); thus for each 
o G G, we have an abelian group automorphism a* : K (B T ) — > K (B T ), [M]k , — > [M ff -i]. 
Now, in the view of Lemma 2, if M G 1Z(V, W), its stable isomorphism class [M]«- can be 
decomposed as 

(8.1) [M] Ko = [W ® C r B T } Ko + [{V <g> L) ® CT B T ] Ko - 2[V ® C r B T ] Ko 

Since a G G is T-equivariant, the corresponding algebra automorphism a : B T — > B T an 
isomorphism B T = (B T ) a -i of Cr-S r -bimodules. Hence, with decomposition (J8.H1 . we set 
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at once that [M a -i] Ko = [M] Ko for every M G TZ and a G G.This finishes the proof of the 
lemma. □ 

Thus, with Lemma El we can define an action of the group G on 1Z(V, W) simply by 
restricting its natural action on 1Z. 

Next, we define an action of G on Ai(V, W). Again, we start by observing that G maps 
naturally to the group DGAutr(-B) of T-equivariant automorphisms of the DG-algebra B: 
in fact, given a G G, we define a G DGAut r (i?) on generators by a(x) = a(x),a(y) = 
a(y),a(v) = v. Each a G DGAut r (-B) yields an autoequivalence a* : DGMod(S) — > DGMod(S) 
by twisting the action of B by a^ 1 . It is clear that such autoequivalences preserve the class 
of DG-models, since each axiom of Definition 2 is stable under twisting by a G DGAutp(S). 
Moreover, if L G M(V,W), then H°(L) G K(V,W) and hence a,(H°(L)) G TZ(V,W) => 
<J*(L) G M.(V, W) by Lemma 6. Thus, the above action of G on DG-models preserves each 
stratum Ai(V,W), and it is obvious that the bijections Q\ and u>% are G-equivariant with 
respect to this action and the action of G on TZ(V, W) defined in Lemma [8. 11 

Finally, it remains to define an action of G on the quiver varieties SJlf (V, W). To this end, 
as in Section 2, we represent the points of 9Jlf (V, W) by quadruples of matrices (X, Y, i, j) and 
let a.(X,Y,i,j) := (o" _1 (X), o" _1 (F),i, j). Since a is T-equivariant and preserves the form 
uj = xy — yx, this action is well-defined: the quadruple a.(X,Y,i,j) satisfies the relations 
(2.7) and (2.8). Moreover, it is clear that a.(X,Y, i,j) are precisely the Nakajima data 
corresponding to the "twisted" DG-model a*(L) if (X, Y,i,j) corresponds to L. Thus, we 
have an action of G on 9Jtp(V, W) such that the bijection 62,002 are G-equivariant. Summing 
up, we have estabilished the following 

Theorem 13. The maps (9i,ui) and (62,1^2) ore G-equivariant bijective correspondences. 

9. Invariant Subrings of the Weyl Algebra 

In this section we look at the simpliest example of the algebra T corresponding to r = 1 . 
It is well-khown that in this case the algebra B T is isomorphic to the crossed product Ai(C)*T 
and T to the subring A\ of invariant of the first Weyl algebra Ai(C) = C(x,y)/(xy — yx — l) 
under the action x 1— > ex and y 1— > t^ l y. In fact, we have 

B T = C(x, y) * T/{xy - yx - 1) = (C(s, y)/(xy - yx - 1)) * T , 

T ^ A[(C) . 

It is a simple observation that, in the case of r = 1, the Nakajima variety can be embedded 
as an affine algebraic subvariety in the Calogero-Moser variety. Indeed, from the relation (J2.7J) 
for a quadruple (X, Y, i,j) G 3Jlf (V, W) we have 

(9.1) XY -YX + I = Tj 

which is exactly the Calogero-Moser relation. Now, a pair (X, Y) satisfying this relation does 
not have common invariant subspace (see Lemma 1.3, jWj) and hence, the condition (ii) of 
(|2.5|) in the definition of the Nakajima variety 9Jtp(V, W) is redundant. Thus, in the case of 
t = 1, the Nakajima variety is a subvariety of the Calogero-Moser variety whose points also 
satisfy the equations 

(9.2) XG = e(g)GX , YG = e'^g) GY 
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Now we will give another description of the Nakajima variety. For this we remind that 
{Wo, W\, ..., W m _i} is the complete set of irreducible T-modules such that the character of 
Wi is e\ Then, if V = ®™q Y% ® Wi is the irreducible T-decomposition of V, we have 

m— 1 m— 1 

Hom T (V, V ® e) ^ tfom(y», V$_i) , Hom T (V, V ® e" 1 ) = ffomlyi, ^ +1 ) 

i=0 i=0 

Fomr^, y) = Hom(C, V n ) , tfornr^, W„) = Hom{V n , C) . 
We now introduce the following algebraic variety (see |Nlj ): 

(9.3) -D(fe 0r .. ) fe m _ 1 ) := | lX ,Xi, ...,X m _i;lo, li, ...,Y m -i,i n ,j n 

Xt e Hom(v i+1 , v t ) , y; g iy m(y,, VJ+i) , 

z n G Hom(C, V n ) , ] n G Hom(V n , C), 
Xy - Fi_iXi_i + Id ki = ,i^n, 

X n Y n - Y n ^X n -i + Id kn = Injn}// \[ GL{Vi) , 

i 

where hi := dimc(Vi). Then, due to equations (J9.1J1 and (|9.2|1 . there is a well-defined map 

^ : an? (y, w B ) — ^r*o.-.*»-i) ' 

X i-> (X ,Xi,...,X m _i), y i-> {Y ,Y 1 ,...,Y m _ 1 ), i^i n , j ^ jn- 
In fact one can easily prove the following result: 

Theorem 14. The map ip is an isomorphism of algebraic varieties with inverse map defined 
by 

(x ,Xi,...,x m _i) i-> x , (y"o,yi,...,y m _i) ^ y ,j„h i, j n \-> j , 

where X and Y are the following matrices 

( o x o ... o \ /o o o ... y m _!\ 

y o o ... o 

o ^ o ■■. ; 



(9.4) 



X 



Y 



Xx ... 

o oo'-. ; 

_ : : ' ■ ' ■ X m __2 

\X m _x ... / 

Moreover, we have 

(9.5) dzm c D n {koM) = 2(k n - (k - h) 2 ) , for m = 2 



\o o ... y m _ 2 o j 



dim c Df ko ^ 



(9.6) 
Let us define the following set 



i) = 2(k n -(Y j k 2 ~Y J hkX\ , form>2. 

\ \ i— n i^o / / 



i=0 «<j 



TO— 1 



X n = |(fco, fc 1? ..., fc m _0 G N m | A; n - C ^ fcf - ^ M* ) > | 



j=0 8<j 



DG-MODELS OF PROJECTIVE MODULES AND NAKAJIMA QUIVER VARIETIES 25 

From (J9.6JI we can see that this set consists exactly of those points of N m for which the 
corresponding Nakajima variety D? k k -. is nonempty. With this notation we can restate 
Theorem 0] as follows 

Corollary 5. The setlZ(A\) of isomorphism classes of ideals of A\ is in bijection with the 
union of algebraic varieties 

m—l 

U U D (k ,...,k m -i) ■ 

n=0 (fe ,...,fe m _ 1 )eAT n 

In the case m — 2 , the varieties D? k k _ % have been introduced recently in |DNMj 
(see loc. cit., Theorem 3) to classify the ideals of the Z 2 -invariant subring of Ai(C). Our 
Corollary |S] may be viewed thus as a generalization of this description to the case of an 
arbitrary cyclic group Z TO . 

10. Appendix: Aoo-morphisms of DG modules 

The DG-algebra B regarded as Aoo-algebra has only two structure maps mf := d B and 
m;f the usual associative multiplication in B. For any DG-module L over B viewed as 
Aoc-module has m^ = for n > 3 which satisfy Leibnitz rule: 

m \ m L = m%(mf <g> 1) + m^(l ® d B ) 

Now we remind the definition of morphisms of Aoo-modules (see JK|) 

Definition 3. A morphism of Aoo-modules f : L — > E is a sequence of graded morphisms 

(10.1) f n :L®B® n - l ^E 
of degree 1 — n such that for each n > 1, we have 

(10.2) ^(-l) r+s 7« o (l 8r ® m s ® l® 4 ) = ^(-l)( ? ' +1 ) s m u o (/ r ® 1® S ), 

where the left hand sum is taken over all decompositions n = r + s + t,r, t > 0,s > 1 and we 
put u = r+l+t; and the right hand sum is taken over all decompositions n = r+s, r > 1, s > 
and we put it = 1 + s 

Lemma 10. Let L and E be DG-modules over B, L having nonzero components only in 
degree and 1 and E positively graded: L = L° © L 1 and E = E° © E 1 © E 2 .... 

(a) Any Aoo-morphism f : L — » E is determined by two components (f\, f%) satisfying the 
relations: 

(10.3) mf A = f\m{ 

(10.4) /fKKfl)) -mf (/°H,a) = / 2 (mf(«),o), V«eL°,a6iJ 

(10.5) /JK t (« ! fl))-"i?(/iW 1 B) = mff 2 (v,a), VveL\aeR 

(10.6) /i°(mfKc)) -mf(fl(v),c) = -f 2 (v,d B c), VveL\ceI 

(10.7) f 2 (v,ab)=mf(f 2 (v,a),b) + f 2 (m^(v,a),b), VueL°,a,beR 
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(b) if mf is surjective then equations ()10.5j) - (jl0.7j) are formal consequences of (|10.3|) and 

dinaD 

Proof. The relation (J10.3J) follows easily from (J10.2J) for n — 1. For n = 2 we get the 
equation 

(10.8) -/ 2 (1 <g> d B ) + /i o mf - / 2 (mf <g> 1) = 

mf (/i <g> 1) + mf o f 2 . 

Since deg(f 2 ) = — 1 it has only one component f 2 :L 1 ^)R—>-E and therefore the relations 
()10.4|) - (jl0.6|) are consequences of (J10.8J) . For n = 3 equation ()10.2|) has the following form 

(10.9) / 3 (1 ® 1 ® d fl ) + / 3 (1 ® rf B ® 1) + / 3 (mf ® 1 ® 1)- 

/ 2 (1 ® mf ) + / 2 (mf ® 1) + h ° rnf = 
mf (/i <g> 1 <g> 1) - mf (/ 2 (8) 1) + mf o / 3 . 

By degree argument we can conclude that f n = for n > 3. Now since both L and .E are 
DG-modules we have mf 1 = mf = 0. The equation (J10.9J1 can be simplified 

(10.10) -/ 2 (1 <g> mf ) + / 2 (mf <g> 1) = mf (/ 2 <g> 1) 

which is equivalent to (J10.6|) - (jl0.7|) . 

To prove part b we first apply mi to the equation (J10.4J1 . Then using (J10.3J) and and 
.R-linearity of mi (i.e. de(a) = for any a G R) we have 

mi(fi(m 2 (u,a))) -mi(mf(/i(w),o)) = 

/i(mf (mi(«), a)) - mf (/i(mi(«)), a) = mf / 2 (mi(u), a). 

Since mi is surjective this implies (|10.5|) . Now let a = d^c and t> = mf (w) in (|1U.4|) then 

(10.11) /"(mf (u, d B c)) - mf (/"(it), d B c) = / 2 (mf («), rf B c) 

Since m 2 (u,c) = for all c G J and w G L° by Leibnitz rule we get mf(mf (it), c) = 
— m 2 (u, dsc) . Similarly one can show that mf (fx(u), dsc) = —mf{fl(v),c). By plugging 
the last two relations into (jlO.llj) we obtain ()10.6|) . 

Now we will show that (J10.4J) implies ([10.7J1 . Let v = m L (u) then from (J10.4J) we have 

(10.12) f 2 (v, ab) = / 2 (mf (u), ab) = ft(m£(u, ab)) - mf (/"(«), ab) 



(10.13) mf(f 2 (v, a), b) = mf (/ 2 (mf (u), a),b) = mf (/°(mf (u, a)), b) - mf (A°(«), ab) 

(10.14) / 2 (m>, a), 6) = / 2 (mf (mf (it), a), 6) = /°(m£(u, 06)) - mf (/°(m£ («, a)), 6). 
Adding now (|10.13|) and (110. 14|) and using (110. 12|) we easily derive (fTTT7j) . D 
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